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FIG. 1. Unsteady thermal resistances of different pairs of solids as a function of the Fourier number 

all the four cases lie close to a single curve. This curve, 
however, is not consistent with the individual plots they 
obtained, but it agrees approximately with equation (16) of 
the present study for Fourier numbers greater than unity. 

The thermal resistance, in general, depends on the con- 
ductivity ratio, k,/k,, the diffusivity ratio, K,/K~, and the 
Fourier number ~~t/a’, where we take K~ < K~. Schneider et 
al. [2] showed that for the cases they considered, the influence 
of the conductivity ratio appeared only in the steady-state 
part of the thermal resistance. They concluded that when the 
resistance is normalized with the steady-state value, the result 
depends only on the diffusivity ratio and the Fourier number. 
In the present study, however, equation (16) shows that the 
conclusion of Schneider et al. [2] is not necessarily valid. The 
results of Schneider et al. [2] showing no dependence on k,/k, 
is not surprising, because they considered materials which, 
like most solids, have k,/kl 1 Q/K,. The present study, 
however, is completely general and it exposes the dependence 
on both kJk, and KJK,. 
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NOMENCLATURE 

Gr, Grashof number; 
H, spacing between plates; 
Pr, Prandtl number; 
x, Y, z, spatial coordinates ; 

T temperature ; 
L reference temperature. 

Greek 

u, spatial wavenumber; 

H.M.T. 2315-1 
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31: temperature difference of plates : 
!‘J. angle of inclination. 

Subscrtpt 

(. crttical condition 

1. l\i IHOI)I C IIOR 

THIS paper describes results of a study on the stabiltty of the 
conduction regime of fluids in inclined, infinitely long slots, to 
disturbances with their axes in the horizontal. The fluid is 
contained between two parallel, flat, isothermal, rigid plates 
of essentially infinite area. separated by distance H, and tilted 
at an angle 4 from the horizontal. The temperature difference 
of the plates is AT: one plate having the temperature 
.cr;, - ATE, and the other plate having the temperature 
7, t AT’?. It IS well known that provided the Grashof 
number, Gr, 15 larger than zero. an imbalance between 
pressure and buoyancy forces causes fluid motion to always 
exist. At low Gr, this motion is described as a base flow, the 
velocity being cubic in 2, the direction perpendicular to the 
plates. The corresponding temperature is linear in 3 and heat 
transfer is by conduction (hence the regime name). At 
sufficiently large Gr, theconduction regime becomes unstable 
and suffers a transttion to the multicellular regime. This 
transition is the subject of the present paper. with exclusive 
consideration given to transitions resulting in rolls with their 
axes in the horizontal (termed transverse rolls). 

The literature concerning the stability of the conductton 
regime in the inclined case is quite sparse. The first works for 
such layers were by Birikh et ill. [I] and Gershuni and 
Zhukho\#itskii [2]. The results of the second paper are 
discussed more fully in the book by Gershuni and Zhukhovit- 
skii [3]. Based on calculations for 0 < C$ <_ 90’. in 10 
increments, and the Pr numbers 0.2. 1.0 and 5.0, they 
concluded that: for 0’ Y; (b < 30’ , the critical condition is 
defined by the crttical Rayleigh number, Ru,, it being 
essentially constant for the three Pr numbers; for 40” I $I i 
90”, the critical condition is defined by the critical Grashof 
number, Gr,, it being essentially constant for the three Pr 
numbers; the change of behaviour at 4 z 40’ occurs 
smoothly; and for all angles the critical wavenumber, a,, is 
practically independent of Pr and only slightly sensitive to 
changes in 4. 

Hart [4], as part of an extensive study of How in inclined 
layers, calculated critical Rayleigh numbers for Pr = 0.70 and 
6.7. The most recent theoretical work on the problem isdue to 
Korpela [5]. He concluded that, for 0.24 I Pr < 12.7 and 4 
close to 90 . transverse rolls occur. As 4 decreases, the 
transverse rolls are replaced by rolls whose axes are parallel- 
up the plates (longitudinal rolls). The angle at which this 
change occurred was Pr dependent and graphical results were 
presented to describe this dependence. For Pr < 0.24. it was 
shown that transverse rolls always occur. regardless of the 
angle. The only experimental values of the critical condittons 
for transverse rolls in inclined fluid layers known to the author 
are by Hollands and Konicek [6]. These results are based on 
heat-transfer measurements. with the critical condition, Rq, 
found by detecting a point where the Nusselt number. Nu. 
becomes larger than I. Accurate determination of Rtr< 
depended on titting an assumed heat-transfer relationshtp, of 

the form Nu = Nu(RuI. to the heat-transfer data points in 
order to locate the intersection point with Nu = I. The 
experiments were performed using air as the working fluid: 
angles between 0 and 90’ were studied. Different values of 
Ru, were obtained depending on the equation used to fit the 
data. 

The present paper describes the results of a stabihty 
analysis over the range 0 5 Pr 5 10 and the angles 
10 2 4 2 80’. Results were obtained using the power series 
method described by Ruth [7]. These results comprise the 

*The results are plotted in the form Gr, sin4 since this 
allows them to be collapsed onto a single graph. 

calculation of the stability conditions for 809 different 
combinations of Pr and 4. 

2.1. /‘he re.wlr \ 
The results are summarized rn Figs. 1 4 ‘l‘he Gr, numbers 

of [3] are plotted for comparison; agreement with these 
workers is good. A comparison of the present results with the 
experiments of [h] is presented in Table 1. Agreement is good 
for 4 = 75 ‘, fair for 4 = X0”, and poor for 85’ and 90’ The 
best correlation is obtained by using their equation (6) a 
linear fit of Nu with Ra. 

Transverse rolls will occur only tf thetr RLI* IS less thnn 
1707.762/cos 4. Therefore, although the critical condition< 
for transverse rolls may be calculated for any combinatton ol 
4 and Pr, only certain of these transitions will actually occut 
In Figs. 1 -4. critical conditions which are physically realiz- 
able are plotted along solid curves, while those which wi!l not 
physically occur. since they are preceded by the longitudinal 
roll condttion, are plotted along broken curves. The Pr helow 
which transverse rolls always occur (regardless of angle) I\ 
0.26, which is in essential agreement with the result of [S] 

As previously noted by [3], the stability criteria behaviour 
wtth angle may be separated into two angle-range regtons. 
depending on whether the criteria are best characterized by a 
Gr, or a Rrr,. As a result of the present computations, both 
their conclusions as to the angle-range over which either Gr 
or Rcc, is preferred, and their description of the variattons of 
Gr, and Rrr, with Pr within these ranges, must be modified. 
F-or I$ c 20 , not 4 s 40. as previously concluded, the 
stability criteria are best characterized by Ra,. F‘urthermore. 
although m the Pr range studied in [3] (0.2 g Pr ic 5) Rtr, IS 
essentially constant, from Fig. 1 it is clear that, as Pr - 0. RI;, 
varies substantially. In the other limit. as Pr + 10, Ru: doeh 
approach a limit. For C#J L 30”, the stability condition ts best 
characterized by a Gr,*. Once again the conclusion in 13-1 
that, at any one angle, Gr, is essentially constant with Pr, does 
not hold. As Pr + 0, there is substantial variation in Gr,. as 
can be verified by inspecting Fig. 3. For 4 > 30’. as Pr -+ IO, 
the Gr, appears to be approaching a limit. Furthermore, the 
transition between the two characterized regions is not 
smooth as stated in [3]. The results for d, = 25 , illustrated m 
Fig. 1, clearly show that the transition between the two 
regions depends strongly on Pr and 4. Whereas the results for 
4 = 20’ and 30’ show smooth variatmns in Ra, with f’r, ai 
@ = 25 and Pr 2 2.15, a virtual discontinuity in Ra, occurs. 
For F’r c 2.15, the 4 = 20“ curve appears to be analogous to 
the 4 = 20 curve, while for Pr > 2 1S the 4 = 25’ curve 
appears to be analogous to the 4 = 30 curve. It is furthet- 
concluded in [3] that c(, is not very dependent on either Pr 
or 4~. In fact. as illustrated in Fig. 2, some very rnteresting 
dependencies exist. For 4 = 10 , 1, rises from its Pr : 0 limit 
of 2.688, to a value at Pr = 10 very near the horizontal result 
of 3.1 16. For C/I = 20,. the same general behaviour IS exhi- 
bited; however, in the region of Pr := 1.0, a flattening of the 
curve is apparent. For 4 = 30 , this fattening has developed 
into a bimodal curve, remmiscent of the 4 = 90 tesults 
described m [7]. As illustrated in Fig. 4, this buuodal 
behaviour is characteristic of all angles larger than ?tY For 
4 .= 25 and Pr r 2.15, a discontinuity in LY, is exhibtted. 
analogous to the discontinuity in Ra, at this same point kot 
(i, 2 30’ , the behaviour ofr, with Pr is plot ted in Fig. 4 All the 
curves have a similar shape and there is a continuous shift in 
the location of extrema as 4 increases 

For C$ 2 3O’, the behaviour of Gr, and x, with Pr ts ~nitlar 
to that already described in [7] for 4 = 90’. Fig. 3 shows the 
Pr location of extrema shifting to higher values as 4 decreases 
from 80 to 30 ‘. The behaviour of the gr curves are similar, with 
their extrema also shifting to higher values of Pr :LS $) 
decreases. As Pr + 0, a limiting case exists for equation Ii j. 
The crittcal conditions for these limiting equations is knirwn 
to yield the results (see for example Hart [8]) 

Z, = 2.688, Gr, sin 4 = 7930.055. 

These condttions are essentially satisfied for ati Utgtes 

provided Pr < 10 ‘. 
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Table 1. Comparison of present Ra, with experiments of 
Hollands and Konicek [6] 

Hollands and Konicek [6] 
d Present equation (5) equation (6) equation (7) 

75 5396.7 6215 k 487 5561 + 653 5990 + 506 
80 5464.1 6547 &- 761 5974 + 562 6330 + 833 
85 5566.0 6942 f 178 6454 k 819 6750 k 383 
90 5706.7 7861 k 363 7370 f 365 7664 & 446 

3. CONCLUSIONS 

The conclusions of the present study are as follows: 

By means of the power series method, essentially exact 
solutions of Gr, and a,, as functions of Pr, have been 
found for angles of inclination ranging over lo” I 4 I 
80”. 
The present study confirms the critical conditions calcu- 
lated by Gerushuni and Zhukhovitskii [Z], Hart [4] and 
Korpela [5]. 

3. The conclusions drawn by Gerushuni and Zhukhovitskii 
[3] have been modified in light of the more extensive 
results presented in the present paper. 
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FIG. 1. Gr, for low angles (-- physically realized, ---- not physically realized, present study; A [3], 
d = lo”, 20” and 30”). 



736 Shorter Communicatmm 

, 1 ..___.I__.. -._ i_.._.._-A..___ ---- , 
13 I$ \G d ,A;’ SC 

PRANOTL NUMBER .-r 

FK;. 2. sf, ibr low angles (- --_ physically realized, -- not physicaliy realized, present study; A 131, 
q5 = ii)‘, 20’ and 30 1” 

PRANDTL NUMBER. Pr 

Frc. 3. Gr,sin # for i~term~~ate and high angles ( --. - phys~ca~~~ realized, - - not physically realized. 

present study; A 131). 



Shorter Communications 737 

I / I I / I I I I 
10-5 10-4 I o-3 10-z 10-1 I 10 

PRANDTL NUMBER, Pr 

FIG. 4. a, for intermediate and high angles (- physically realized, ---- not physically realized). 
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